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Abstrat
We study onditional expetations generated by an abelian C∗-
subalgebra in the entralizer of a positive funtional. We formulate
and prove Jensen's inequality for funtions of several variables with
respet to this type of onditional expetations, and we obtain as a
orollary Jensen's inequality for expetation values.
1 Preliminaries
An n-tuple x = (x1, . . . , xn) of elements in a C
∗
-algebra A is said to be
abelian if the elements x1, . . . , xn are mutually ommuting. We say that an
abelian n-tuple x of self-adjoint elements is in the domain of a real ontinuous
funtion f of n variables dened on a ube of real intervals I = I1 × · · · × In
if the spetrum σ(xi) of xi is ontained in Ii for eah i = 1, . . . , n. In this
situation f(x) is naturally dened as an element in A in the following way.
We may assume that A is realized as operators on a Hilbert spae and let
xi =
∫
λ dEi(λ) i = 1, . . . , n
denote the spetral resolutions of the operators x1, . . . , xn. Sine the n-tuple
x = (x1, . . . , xn) is abelian, the spetral measures E1, . . . , En are mutually
ommuting. We may thus set
E(S1 × · · · × Sn) = E1(S1) · · ·En(Sn)
for Borel sets S1, . . . , Sn in R and extend E to a spetral measure on R
n
with support in I. Setting
f(x) =
∫
f(λ1, . . . , λn) dE(λ1, . . . , λn)
and sine f is ontinuous, we nally realize that f(x) is an element in A.
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2 Conditional expetations
Let C be a separable abelian C∗-subalgebra of a C∗-algebra A, and let ϕ be
a positive funtional on A suh that C is ontained in the entralizer
Aϕ = {y ∈ A | ϕ(xy) = ϕ(yx) ∀x ∈ A}.
The subalgebra is of the form C = C0(S) for some loally ompat metri
spae S.
Theorem 2.1. There exists a positive linear mapping
Φ: M(A)→ L∞(S, µϕ)(1)
on the multiplier algebra M(A) suh that
Φ(xy) = Φ(yx) = Φ(x)y x ∈M(A), y ∈ C
almost everywhere, and a nite Radon measure µϕ on S suh that∫
S
z(s)Φ(x)(s) dµϕ(s) = ϕ(zx) z ∈ C, x ∈M(A).(2)
Proof. By the Riesz representation theorem there is a nite Radon measure
µϕ on S suh that
ϕ(y) =
∫
S
y(s) dµϕ(s) y ∈ C = C0(S).
For eah positive element x in the multiplier algebra M(A) we have
0 ≤ ϕ(yx) = ϕ(y1/2xy1/2) ≤ ‖x‖ϕ(y) y ∈ C+.
The funtional y → ϕ(yx) on C onsequently denes a Radon measure on
S whih is dominated by a multiple of µϕ, and it is therefore given by a
unique element Φ(x) in L∞(S, µϕ). By linearization this denes a positive
linear mapping dened on the multiplier algebra
Φ: M(A)→ L∞(S, µϕ)(3)
suh that ∫
S
z(s)Φ(x)(s) dµϕ(s) = ϕ(zx) z ∈ C, x ∈M(A).
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Furthermore, sine∫
S
z(s)Φ(yx)(s) dµϕ(s) = ϕ(zyx) =
∫
S
z(s)y(s)Φ(x)(s) dµϕ(s)
for x ∈ M(A) and z, y ∈ C we derive Φ(yx) = yΦ(x) = Φ(x)y almost
everywhere. Sine C is ontained in the entralizer Aϕ and thus ϕ(zxy) =
ϕ(yzx), we similarly obtain Φ(xy) = Φ(x)y almost everywhere. QED
Note that Φ(z)(s) = z(s) almost everywhere in S for eah z ∈ C, f.
[6, 4, 5℄. With a slight abuse of language we all Φ a onditional expetation
even though its range is not a subalgebra of M(A).
3 Jensen's inequality
Following the notation in [5℄ we onsider a separable C∗-algebra A of opera-
tors on a (separable) Hilbert spae H, and a eld (at)t∈T of operators in the
multiplier algebra
M(A) = {a ∈ B(H) | aA+Aa ⊆ A}
dened on a loally ompat metri spae T equipped with a Radon measure
ν. We say that the eld (at)t∈T is weak*-measurable if the funtion t→ ϕ(at)
is ν-measurable on T for eah ϕ ∈ A∗; and we say that the eld is ontinuous
if the funtion t→ at is ontinuous [4℄.
As noted in [5℄ the eld (at)t∈T is weak*-measurable, if and only if for
eah vetor ξ ∈ H the funtion t → atξ is weakly (equivalently strongly)
measurable. In partiular, the omposed eld (a∗t bt)t∈T is weak*-measurable
if both (at)t∈T and (bt)t∈T are weak*-measurable elds.
If for a weak*-measurable eld (at)t∈T the funtion t → |ϕ(at)| is inte-
grable for every state ϕ ∈ S(A) and the integrals∫
T
|ϕ(at)| dν(t) ≤ K ∀ϕ ∈ S(A)
are uniformly bounded by some onstant K, then there is a unique element
(a C∗-integral in Pedersen's terminology [8, 2.5.15℄) in the multiplier algebra
M(A), designated by ∫
T
at dν(t),
suh that
ϕ
(∫
T
at dν(t)
)
=
∫
T
ϕ(at) dν(t) ∀ϕ ∈ A
∗.
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We say in this ase that the eld (at)t∈T is integrable. Finally we say that a
eld (at)t∈T is a unital olumn eld [1, 4, 5℄, if it is weak*-measurable and∫
T
a∗tat dν(t) = 1.
We note that a C∗-subalgebra of a separable C∗-algebra is automatially
separable.
Theorem 3.1. Let C be an abelian C∗-subalgebra of a separable C∗-algebra
A, ϕ be a positive funtional on A suh that C is ontained in the entralizer
Aϕ and let
Φ: M(A)→ L∞(S, µϕ)
be the onditional expetation dened in (3). Let furthermore f : I → R
be a ontinuous onvex funtion of n variables dened on a ube, and let
t → at ∈ M(A) be a unital olumn eld on a loally ompat Hausdor
spae T with a Radon measure ν. If t→ xt is an essentially bounded, weak*
measurable eld on T of abelian n-tuples of self-adjoint elements in A in the
domain of f, then
f(Φ(y1), . . . ,Φ(yn)) ≤ Φ
(∫
T
a∗t f(xt)at dν(t)
)
(4)
almost everywhere, where the n-tuple y in M(A) is dened by setting
y = (y1, . . . , yn) =
∫
T
a∗txtat dν(t).
Proof. The subalgebra C is as noted above of the form C = C0(S) for some
loally ompat metri spae S, and sine the C∗-algebra C0(I) is separable
we may for almost every s in S dene a Radon measure µs on I by setting
µs(g) =
∫
I
g(λ) dµs(λ) = Φ
(∫
T
a∗t g(xt)at dµ(t)
)
(s) g ∈ C0(I).
Sine
µs(1) = Φ
(∫
T
a∗tat dµ(t)
)
= Φ(1) = 1
we observe that µs is a probability measure. If we put gi(λ) = λi then∫
I
gi(λ) dµs(λ) = Φ
(∫
T
a∗txitat dµ(t)
)
(s) = Φ(yi)(s)
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for i = 1, . . . , n and sine f is onvex we obtain
f(Φ(y1)(s), . . . ,Φ(yn)(s)) = f
(∫
I
g1(λ) dµs(λ), . . . ,
∫
I
gn(λ) dµs(λ)
)
≤
∫
I
f (g1(λ), . . . , gn(λ)) dµs(λ) =
∫
I
f(λ) dµs(λ)
= Φ
(∫
T
a∗tf(xt)at dµ(t)
)
(s)
for almost all s in S. QED
The following orollary is known as Jensen's inequality for expetation
values. It was formulated (for ontinuous elds) in the referene [3℄, where
a more diret proof is given.
Corollary 3.2. Let f : I → R be a ontinuous onvex funtion of n variables
dened on a ube, and let t→ at ∈ B(H) be a unital olumn eld on a loally
ompat Hausdor spae T with a Radon measure ν. If t → xt is a bounded
weak*-measurable eld on T of abelian n-tuples of self-adjoint operators on
H in the domain of f, then
f
(
(y1ξ | ξ), . . . , (ynξ | ξ)
)
≤
(∫
T
a∗t f(xt)at dν(t)ξ | ξ
)
(5)
for any unit vetor ξ ∈ H, where the n-tuple y is dened by setting
y = (y1, . . . , yn) =
∫
T
a∗txtat dν(t).
Proof. The statement follows from Theorem 3.1 by hoosing ϕ as the trae
and letting C be the C∗-algebra generated by the orthogonal projetion P on
the vetor ξ. Then C = C0(S) where S = {0, 1}, and an element z ∈ C has
the representation
z = z(0)P + z(1)(1− P ).
The measure dµϕ gives unit weight in eah of the two points, and the ondi-
tional expetation Φ is given by
Φ(x)(s) =
{
(xξ | ξ) s = 0
Tr(x− Px) s = 1.
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Indeed,
ϕ(zx) = Tr
((
z(0)P + z(1)(1 − P )
)
x
)
= z(0)Φ(x)(0) + z(1)Φ(x)(0)
=
∫
S
z(s)Φ(x)(s) ds
as required. The statement follows by evaluating the funtions appearing on
eah side of the inequality (4) in the point s = 0. QED
Remark 3.3. If we hoose ν as a probability measure on T, then the trivial
eld at = 1 for t ∈ T is unital and (5) takes the form
f
((∫
T
x1t dν(t)ξ | ξ
)
, . . . ,
(∫
T
xnt dν(t)ξ | ξ
))
≤
(∫
T
f(xt) dν(t)ξ | ξ
)
for bounded weak*-measurable elds of abelian n-tuples xt = (x1t, . . . , xnt) of
self-adjoint operators in the domain of f and unit vetors ξ. By hoosing ν
as an atomi measure with one atom we get a version
f
(
(x1ξ | ξ) , . . . , (xnξ | ξ)
)
≤
(
f(x)ξ | ξ
)
(6)
of the Jensen inequality by Mond and Pe£ari¢ [7℄. By further onsidering a
diret sum
ξ =
m⊕
j=1
ξj and x = (x1, . . . , xn) =
m⊕
j=1
(x1j , . . . , xnj)
we obtain the familiar version
f
(
m∑
j=1
(x1jξj | ξj), . . . ,
m∑
j=1
(xnjξj | ξj)
)
≤
m∑
j=1
(
f(x1j , . . . , xnj)ξj | ξj
)
valid for abelian n-tuples (x1j , . . . , xnj), j = 1, . . . , m of self-adjoint operators
in the domain of f and vetors ξ1, . . . , ξm with ‖ξ1‖
2 + · · ·+ ‖ξm‖
2 = 1.
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